Abstract. Let d > 1, and let (X, α) and (Y, β) be two zeroentropy Z d -actions on compact abelian groups by d commuting automorphisms. We show that if all lower rank subactions of α and β have completely positive entropy, then any measurable equivariant map from X to Y is an affine map. In particular, two such actions are measurably conjugate if and only if they are algebraically conjugate.
Introduction
It is well known that ergodic automorphisms of compact abelian groups are measurably isomorphic with Bernoulli shifts (cf. e.g. [1] ). In particular, entropy is the only measurable conjugacy invariant for such automorphisms. On the other hand, for d > 1, mixing zero-entropy Z d -actions on compact abelian groups by d commuting automorphisms tend to exhibit remarkable rigidity properties. In this paper we study rigidity of measurable structure of these actions.
Before stating our main result, we recall a few basic definitions. Throughout this paper the term compact abelian group will denote an infinite compact metrizable abelian group. An algebraic Z d -action (X, α) is an action α of Z d on a compact abelian group X by continuous automorphisms. Any such action preserves λ X , the normalized Haar measure on X. A lower rank subaction of α is the restriction of α to a subgroup Λ ⊂ Z d with rank(Λ) < d. If (X, α) and (Y, β) are algebraic Z d -actions then a Borel map φ : X → Y is said to be equivariant if φ • α(n) = β(n) • φ λ X -a.e., for every n ∈ Z d . The actions α and β are measurably or algebraically conjugate if the map φ can be chosen to be a Borel isomorphism or a continuous group isomorphism. A map ψ : X → Y is affine if there exist a continuous group homomorphism ψ ′ : X → Y and an element y ∈ Y such that ψ(x) = ψ ′ (x) + y almost everywhere with respect to λ X .
In this paper we prove the following theorem : Several results in this direction were obtained in recent years. The case when both X and Y are zero-dimensional was studied in [4] , [9] and [14] . For a certain class of actions on connected groups with the property that entropy of every individual element in Z d is finite, in [10] and [13] the above result was proved as a consequence of more general results on invariant measures. In [11] , Theorem 1.1 was proved for a class of Z 3 -actions on connected groups, where every individual element has infinite entropy.
The more general situation where α and β are arbitrary mixing zeroentropy actions, was studied in [2] , [3] and [5] . Although these actions also exhibit several rigidity properties, there are mixing zero-entropy algebraic Z d -actions on zero-dimensional groups for which the analogue of Theorem 1.1 fails (cf. [2, 4] ). It is not known whether one can construct similar examples when both X and Y are connected.
Background
] be the ring of Laurent polynomials with integral coefficients in the commuting variables u 1 , . . . , u d . We write
, where f n = 0 for all but finitely many n ∈ Z d . If α is an algebraic Z d -action on a compact abelian group X, then the additively-written dual group M = X is a module over the ring R d with respect to the operation
for f ∈ R d and a ∈ M, where α(n) denotes the automorphism of X dual to α(n). The module M = X is called the dual module of α.
Conversely, if M is a module over R d , then we obtain an algebraic
we denote the submodule consisting of all m ∈ M such that R d · m is finitely generated as an additive group. If N ⊂ M is a submodule then N ⊥ ⊂ X M will denote the subgroup consisting of all x such that χ(x) = 1 for all χ ∈ N. By duality theory, the correspondence N → N ⊥ is a order-reversing bijection from the set of all submodules of M to the set of all α M -invariant closed subgroups of X M .
For an algebraic Z d -action (X, α), the topological entropy h top (α) coincides with the metric entropy h λ X (α). If an algebraic Z d -action has completely positive entropy then it is Bernoulli (cf. [17] ). Recall that a prime ideal
The set of prime ideals associated with M will be denoted by Asc(M). We recall the following results from [15] and [19] . The Krull dimension kdim(R) of a ring R is the length l of the longest chain [8, Chapter 8] for necessary background). The ring R d has Krull dimension d + 1. If K is a field then the transcendence degree tdeg(K) of K is the maximum number of elements in K that are algebraically independent over the prime subfield of K. If p ⊂ R d is a prime ideal, and K is the field of fractions of
For a compact abelian group X, we denote the connected component containing identity by X 0 . A connected compact abelian group X is finite-dimensional if the dual group X is isomorphic with a subgroup of Q n for some n ≥ 1. [19, Corollary 6.3] ). Hence we may assume that M = R 2 /p for some prime ideal p ⊂ R 2 . Let K denote the field of fractions of R 2 /p. As p is non-principal and char(K) = 0, tdeg(K) = kdim(R 2 /p) − 1 = 0. Since R 2 /p is a finitely generated ring, this shows that as an additive group K is isomorphic with Q n for some n ≥ 1, which proves the given assertion.
Our next lemma is a special case of Theorem 1.1. It follows from known results on invariant measures of algebraic Z d -actions, and a joining argument used in [13] and [14] . We sketch a proof for convenience of the reader. ( 
Proof. We choose an arbitrary m ∈ M. Since R d · m is finitely generated as an additive group and the action α M is mixing, as an additive group R d · m is isomorphic with Z k for some k ≥ 0. Hence M is torsion free, and by duality X M is connected. In particular, the action α M is mixing of all orders (cf. [20] ). We also observe that X R d ·m is isomorphic with a torus and (
As every lower rank subaction of α M has completely positive entropy, we deduce that either X M is trivial or d = 2.
It is easy to see that f is an affine map if and only if µ is affine, i.e. µ is a translate of the Haar measure on a closed subgroup of X M × X N . An elementary Harmonic analysis argument shows that µ is of this form if and only if | µ(χ)| = 0 or 1 for every χ ∈ M × N, where µ is the Fourier transform of µ.
We fix χ ∈ M × N and set
′ denote the projection map from X M ×X N to X P , and µ P denote the measure π
with respect to the measure µ P the action α P is mixing of all orders, and every lower rank subaction of α P has completely positive entropy. As X P /X 0 P is zero-dimensional, from [18] we deduce that the image of µ P on X P /X 0 P is concentrated at a point. Hence µ P is a translate of some α P -invariant measure ν on X 0 P . Since we only need to consider the case when d = 2, and α P has zero-entropy with respect to λ X P , by the previous proposition we may assume that X 0 P is a finite-dimensional group. As all lower rank subactions of α P has completely positive entropy with respect to the measure ν, from [10, Theorem 1.3] we deduce that ν is an affine measure. This implies that µ P is an affine measure and | µ(χ)| = | µ P (χ)| ∈ {0, 1}.
Continuity and finiteness of entropy
In this section we prove two lemmas which will be used in the proof of Theorem 1.1. We begin with a few notations. Let (Y, d Y ) be a compact metric space, and let β be an action of Z d on Y by homeomorphisms. We denote the set of all β-invariant probability measures on Y by M β (Y ). With respect to the weak * topology M β (Y ) is a compact convex set. For any µ ∈ M β (Y ), h µ (β) will denote the entropy of the action β with respect to the measure µ. For n ≥ 1, let B n ⊂ Z d denote the rectangle {0, . . . , n} d , and let d n denote the metric on Y defined by
For a closed set C ⊂ Y and ǫ > 0, let S n (C, ǫ) be the largest cardinality of an ǫ-separating set in C with respect to the metric d n . We set
S(C, ǫ).
Note that h top (β, Y ) is the topological entropy of the action β. For any y ∈ Y and t > 0, let A t (y) denote the set of all y ′ ∈ Y with the property that d n (y, y ′ ) ≤ t for all n ≥ 1. The action β is said to be asymptotically h-expansive if sup y∈Y h top (β, A t (y)) → 0 as t → 0.
We now recall a result from [16] which is a generalization of the well known fact that for an expansive Z d -action β, the map µ → h µ (β) is upper semicontinuous (see [16, We note a simple consequence of the above result. Proof. In view of the previous lemma it is enough to show that the action (Y, β) is asymptotically h-expansive. Let d Y be a translation invariant metric on Y . For t > 0 the closed set Y t = A t (0) is invariant under β. Note that for any y ∈ Y and n ≥ 1, the map x → xy is an isometry from (Y t , d n ) to (A t (y), d n ). This implies that for any y ∈ Y and t > 0,
which implies that h top (β) − c/4 + c/3 ≤ h top (β). This contradiction shows that the action β is asymptotically h-expansive.
We now prove a lemma on finiteness of entropy of rank d − 1 subactions. It is easy to construct examples of zero-entropy algebraic Z dactions with Noetherian dual module, which admit rank d − 1 subactions with infinite entropy. For example, if A is the shift automorphism on T Z and B = Id, then the Z 2 -action generated by A and B has zero entropy, but the cyclic action generated by A has infinite entropy. We show that this situation can not occur if the action is assumed to be mixing. We claim that the Λ-action α R has finite entropy. By Lemma 2.2 it is enough to show that R d−1 ∩ p = {0}. This is obvious if char(K) > 0. If char(K) = 0 then tdeg(K) = kdim(R d /p) − 1 ≤ d − 2, as p is a non-principal prime ideal. Since the transcendence degree of the field of fractions of
is not injective. This shows that R d−1 ∩ p = {0}, which proves the claim. Note that for any finitely generated R d−1 -module N ⊂ F we can choose r 0 ∈ R such that r 0 · N ⊂ R. Hence N is isomorphic with a submodule of F, i.e. α N is an algebraic factor of α F . In particular, h top (α N ) ≤ h top (α R ). We choose an increasing sequence of 
Rigidity of equivariant maps
Recall that a valuation on a ring R is a map v : R → R ∪ {∞} satisfying the following conditions :
(1) v(1) = 0 and v(x) = ∞ if and only if 
and α M (n)(H) = H whenever < n, n H >= 0, where < ., . > denotes the standard inner product in R d .
The smallest closed subgroup of X M which contains all α M -shrinking subgroups will be denoted by X 
Proof. First we consider the case when F (M) = {0}. If the above assertion is not true then X s M = M ⊥ 1 for some non-zero submodule M 1 of M. In that case we choose p ∈ Asc(M 1 ) and m 0 ∈ M 1 with ann(m 0 ) = p. Since F (M) = {0}, R d /p is not finitely generated as an additive group. By the previous lemma there exists a discrete valuation v on R d /p. We set
It is easy to see that R is a Noetherian subring and M 0 is a R-module.
For any A ⊂ M, let A denote the R d -submodule generated by A. We define a partial order on the set of all R-submodules of M by setting
It is easy to see that for any totally ordered subset C, the R-module ∪{N : N ∈ C} is an upper bound for C. By Zorn's lemma there exists a maximal element N 0 in {N : N ≥ M 0 }. We claim that N 0 = M. Suppose this is not the case. Let m be element of M − N 0 . Since R is Noetherian, the R-module R · m ∩ N 0 is finitely generated. We choose n ∈ Z d with v(n) < 0, and observe that
Let B be a finite set which generates R · m ∩ N 0 as a R-module. We
, which contradicts the maximality of N 0 and proves the claim. Now from the above claim and duality theory we deduce that
we arrive at a contradiction. This completes the proof of the given assertion in the special case considered above. Now we consider the general case. For a ∈ F (M), let M a denote the R d -submodule generated by a, and let π a : X M → X Ma denote the dual of the inclusion map i : M a → M. Since M a is finitely generated as an additive group, X Ma is isomorphic with T n × F , where T n is a torus and F is a finite abelian group. Hence X Ma does not admit arbitrarily small non-trivial subgroups. In particular,
A measurable map f : X → Y between compact abelian groups is a constant if there exists a c ∈ Y such that f (x) = c almost everywhere with respect to λ X . For a measurable map f : X → Y , by C(f ) we denote the set of all h ∈ X with the property that the map x → f (x + h) − f (x) is a constant. We note the following elementary fact. Proof. From duality theory it follows that f is an affine map if and only if χ • f is an affine map for every χ ∈ Y , and C(f ) = ∩ χ C(χ • f ). Hence without loss of generality we may assume that Y = T. It is easy to see that C(f ) ⊂ X is a subgroup, and C(f ) = X whenever f is an affine map. As the translation action of X on L 2 (X) is continuous, and the space of constant maps from X to T is a closed subset of L 2 (X), C(f ) is closed. Since all eigenvalues of the translation action are of the form c · χ for some c ∈ C and χ ∈ X, C(f ) = X only if f is an affine map.
.
Proof of Theorem 1.1. Let M and N be the dual modules of α and β, respectively. For any a ∈ N, let Y a ⊂ Y denote the dual of R d · a, and let β a denote the Z d -action on Y a induced by β. If π a denotes the factor map from (Y, β) to (Y a , β a ), then it is easy to see that the map f is affine if and only if π a • f is afiine for every a ∈ N. Since the dual module of each β a is Noetherian, without loss of generality we may assume that N is a Noetherian R d -module.
We define a map q :
For µ ∈ M(X), let µ denote the measure q * (µ × λ X ) ∈ M(Y ). It is easy to see that q is a Z d -equivariant map, and α(m)(µ) = β(m)(µ) for all µ ∈ M(X) and m ∈ Z d . We claim that µ → δ 0 Y as µ → δ 0 X . Let µ denote the Fourier transform of µ. We fix a non-zero character χ ∈ N, and note that
We set q χ = χ • q and f χ = χ • f . For x ∈ X, we denote the L 1 -norm of the function x ′ → q χ (x, x ′ ) by P (x). Since the translation action of X on L 1 (X) is strongly continuous, and
it follows that P : X → R is a continuous function with
We fix a α-shrinking subgroup H ⊂ X and define
Since rank(Λ) = d − 1, by Lemma 3.3 the action β Λ has finite entropy. For j ≥ 0, let µ j denote the Haar measure on α(jn H )(H). As µ 0 = λ H is invariant under the action α Λ , the measure µ 0 is invariant under β Λ . Since µ j → δ 0 X as j → ∞, from the above claim we deduce that µ j → δ 0 Y as j → ∞. We note that β(n) commutes with the action β Λ for all n ∈ Z d . This implies that the Λ-actions (Y, β Λ , µ 0 ) and (Y, β Λ , µ j ) are measurably conjugate for every j ≥ 1. By Lemma 3.2,
is measure preserving and Y 1 has zero-entropy, the map q is measurable with respect to the Pinsker algebra of X 1 ×X 2 . As Pinsker algebra of the product of two measure preserving Z d -actions is the product of their Pinsker algebras (cf. [12, Theorem 4] ), and since X 2 has completely positive entropy, there exists a measurable map g : X → Y such that q(x, x ′ ) = g(x) almost everywhere with respect to λ H . An application of Fubini's theorem shows that for λ H -a.e. h ∈ H, the map x ′ → q(h, x ′ ) is a constant. As our initial choice of H was arbitrary, from the previous proposition we deduce that X s M ⊂ C(f ). Hence the map q 1 : X × X → Y defined by 
, this implies that for any t ∈ X, q 1 (x + t, x ′ ) = q 1 (x, x ′ + t) almost everywhere with respect to λ X × λ X . Hence for any t ∈ X,
from which we deduce that X = C(f ). By the previous proposition f is an affine map.
An algebraic Z d -action α is prime if the dual module of α is of the form R d /p for some prime ideal p ⊂ R d . Prime actions can be viewed as building blocks of algebraic Z d -actions (see [19, Figure 1] ). From duality theory it follows that X R d /p is connected if p ∩ Z = {0}, and it is zero-dimensional if p ∩ Z = {0}. In the zero-dimensional case in [4] and [9] it was shown that any measurable factor map between mixing zero-entropy prime actions is an affine map. As an application of Theorem 1.1 we now extend this result to all mixing zero-entropy prime actions. 
